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Abstract. We study the Fourier transform of the absolute value of a polynoraial on a 
finite-dimensional vector space over a local field of characteristic 0. We prove that this 
transform is smooth on an open dense set. 

We prove this result for the Archimedean and the non- Archimedean case in a uniform 
way. The Archimedean case was proved in [Berl]. The non- Archimedean case was proved 
in [HK] and [CL]. Our method is different from those described in [Berl, HK, CL]. It 
is based on Hironaka's desingularization theorem, unlike [Berl] which is based on the 
theory of D- modules and [HK, CL] which is based on model theory. 

Our method also gives bounds on the open dense set where the Fourier transform is 
smooth. These bounds are explicit in terms of resolution of singularities. 

We also prove the same result on the Fourier transform of other measures of algebraic 
origins. 
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1. Introduction 
1.1. Main results in the non- Archimedean case. 

Theorem A. Let F be a non- Archimedean local field of characteristic (i.e. a finite 
extension of the field of p-adic numbers Qp). Let W be a finite- dimensional vector space 
over F. Let X be a smooth algebraic variety over F , let (p : X ^ W be a proper map 
and u a regular (algebraic) top differential form on X. Let \u\ be the measure on X 
corresponding to u and (f)^,{\uj\) its direct image (which is a measure on W). Then there 
exists a dense Zariski open subset U C W* such that the restriction to U of the Fourier 
transform o/0^,(|u;|) is locally constant. 

Examples. 

• Let X (Z W he a. smooth closed subvariety and u a regular top differential form 
on X. Consider as a measure on W . Applying Theorem A to the embedding 
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: X W, we see that the Fourier transform of \u\ is smooth on a dense Zariski 
open subset. 

• More generally, let X G W be any closed subvariety and u a rational top differ- 
ential form on X. Suppose that for some resolution of singularities p : X X, 
the puUback p*{uj) is regular. Then one can consider |ci;| as a measure on W. Its 
Fourier transform is smooth on a dense Zariski open subset (to see this, apply 
Theorem A to the composition X — )■ X W). 

We deduce Theorem A from the following theorem, which says that the singularities of 
the Fourier transform of on the whole W* are "not too bad". 

Theorem B. In the situation of Theorem A, the wave front set of the Fourier transform 
of (j):^{\oj\) is contained in an isotropic algebraic subvariety^ ofT*(W*) = W x W* . 

The notion of wave front set is recalled in Appendix A and §2.3.4. 

Remark 1.1.1. Theorem B can be considered as a p-adic analog of the following theorem 
of J. Bernstein [Berl]: if F is Archimedean then the Fourier transform of is a 

holonomic distribution. 

We also prove the following more general, relative version of Theorem B. 

Theorem C. Let F be a non- Archimedean field of characteristic 0. Let W be a finite- 
dimensional F -vector space and X, Y be smooth algebraic manifolds over F. Let : X — )• 
Y X W be a proper map and let u be a regular top differential form on X. Then the wave 
front set of the partial Fourier transform of (f)^,{\u)\) with respect to W is contained in an 
isotropic algebraic subvariety ofT*(Y x W*). 

1.2. The Archimedean analog of Theorem C. We have to take in account that 
in the Archimedean case the Fourier transform is defined not for general distributions, 
but only for Schwartz distributions. Similarly, the partial Fourier transform is defined 
for distributions that are partially Schwartz along the relevant vector space (a precise 
definition of partially Schwartz distribution can be found in §§7.1 below). 

Theorem D. Let F be an Archimedean local field (i.e. M or C). Let everything else be 
as in Theorem C. Then 

(i) the distribution 0^(|a;|) is partially Schwartz along W (so its partial Fourier trans- 
form with respect to W is well-defined); 
(a) the wave front set of the partial Fourier transform of (j)^,{\u\) with respect to W is 
contained in an isotropic algebraic subvariety ofT*(Y x W*). 

Remark 1.2.1. In fact, the distribution ^^d^l) is Schwartz on the entire space and not 
only along W, but in order to prove it we need to define what it means, and we prefer 
not to do it in this paper. 

^An algebraic subvariety of a symplectic algebraic manifold is said to be isotropic if its nonsingular 
part is. Note that every algebraic isotropic subvariety of the co-tangent bundle of an algebraic manifold 
M which is stable with respect to homotheties along the co-tangent space is contained in a union of 
co-normal bundles of submanifolds of M, and in particular in a Lagrangian subvariety. See §§3.1 for 
more details. 
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1.3. Stronger versions. Our proof of theorem C can give an explicit (in terms of res- 
olution of singularities) description of an isotropic variety that contains the wave front 
set of the partial Fourier transform of 0^,(1^1). We provide such description in Theorem 
5.3.1 (and an analogous description for Theorem B in Corollary 5.3.2). This description 
implies that this isotropic variety "does not actually depend" on the local field F and is 
stable under homotheties in W* . Namely we have the following theorem: 

Theorem E. Let K he a characteristic field and W a finite- dimensional K -vector space. 
Let X, Y he smooth algehraic manifolds over K . Let (j) : X xW he a proper map, u 
a regular top differential form on X. 

Then there exists an isotropic algehraic suhvariety L C T*(Y x W*) such that 

(i) L is stahle with respect to the action of the multiplicative group on T*{Y x W*) that 

comes from its action on W* ; 
(a) for any emhedding of K into any local field F (Archimedean or not), the wave front 
set of the partial Fourier transform of {(f)p)^:{\u)F\) is contained in L{F). 

Here L{F) C T*{Y x W*){F) is the set of F -points of L and up is ohtained from u hy 
extension of scalars from K to F, and \ujf\ is the corresponding measure on X{F). 

Remark. The Fourier transform depends on the choice of a nontrivial additive character 
ip : F ^ C^. But if L satisfies (i) and has property (ii) for some ip, then (ii) holds for 
any ip. 

We will show that the following variant of Theorem E easily follows from Theorem E 
itself. 2 

Theorem F. In the situation of Theorem E let p he a regular function on X. Then there 
exists an isotropic algehraic suhvariety L C T*(Y x W*) such that for any emhedding of 
K into any local field F and any nontrivial additive character ip : F ^ , the wave 
front set of the partial Fourier transform of (0f)*((V' ° Pf) ■ \^f\) is contained in L{F). 
Here the Fourier transform is performed using the same ip, and pp is ohtained from p hy 
extension of scalars from K to F . 

Again, in order for this theorem to make sense for Archimedean F, we will prove the 
following lemma: 

Lemma G. In the notations of Theorem F, let F he an Archimedean local field, with an 
emhedding K ^ F . Then the distrihution {(f)F)*{{4'°PF) ■ \^f\) is partially Schwartz along 
W. 

Example. Let p be a polynomial on an F-vector space W. Theorem F implies that the 
Fourier transform of the function x i— )■ ip{p{x)) is smooth on a dense Zariski open subset. 

1.4. Method of the proof and comparison with related results. 

The Archimedean counterpart of Theorem A above was proved by J. Bernstein [Berl] 
using D-module theory. In the non-Archimedean case Theorem A was proved by 
Hrushovski - Kazhdan [HK] and Cluckers - Loeser [CL] using model theory. 

^More precisely, Theorem F (j) X ^ Y x W and p : X K follows from Theorem E for 
(t>xp:X^YxWxK. 
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In this work we give a proof of Theorems A-D based on Hironaka's desingularization the- 
orem. The proof is simple and effective modulo desingularization and treats Archimedean 
and non-Archimedean local fields in a uniform way. Since the proof is effective it also 
yields Theorems E-F, which seem to be new. Note that although Hironaka's desingu- 
larization theorem is far from being elementary, it now has understandable proofs (e.g., 
see [Kol]). 

The present paper is not the first time when Hironaka's theorem is used to replace D- 
module theory in the non- Archimedean case. A well-known example is one of the earliest 
applications of the theory of D-modules - the regularization and analytic continuation of 
the distribution where p is a polynomial and A is a complex number (see [Bcr2]). This 
result has an alternative proof based on Hironaka's theorem, which is valid both in the 
Archimedean and the non- Archimedean cases, see [BG] and [Ati]. 

1.5. Idea of the proof. 

Theorem A is deduced from Theorem C. The latter has two advantages: 

(1) Since we are discussing the wave front set. Theorem C is more flexible with respect 
to changes of X and Y . 

(2) Since we are discussing a relative version. Theorem C can be approached locally 
with respect to Y . 

Using those facts, we can reduce Theorem C to the special case (see Proposition 4.1.4) 
when the map X — )■ F is an open embedding. Furthermore, using Hironaka's theorem we 
can assume that u and (j) behave "nicely" in the neighborhood oiY — X. 

Using (1) and (2) again, we can reduce further (see Lemma 4.2.1) to the case when 
W is 1-dimensional. By localizing the problem on F, we reduce Proposition 4.1.4 to a 
simple local model, which has a symmetry with respect to an action of a large torus. This 
symmetry allows to prove Proposition 4.1.4 for the local model. 

1.6. Structure of the paper. In §2 we will fix notations and give the necessary prelim- 
inaries for the paper. In §§2.2 we recall two algebro-geometrical tools used in this paper. 
Namely, in §§§2.2.1 we review Hironaka's theory of resolution of singularities (see [Hir], 
or [Kol] for a more recent overview), and in §§§2.2.2 we recall Nagata's compactification 
theorem. In §§2.3 we review the theory of distributions and in particular, the notion of 
the wave front set. Most of the results there are from [Hcf] and [Aiz]. The rest we provide 
in Appendix A. 

In §3 we introduce the notion of WF-holonomic distributions and state some of its basic 
properties. This notion can be viewed as a partial analytic counterpart of the algebraic 
notion of holonomic distributions, which is defined via the theory of D-modules. We use 
this notion in order to formulate our main result. In §§3.1, we recall the basic facts from 
symplectic geometry that we use in order to work with WF-holonomic distributions. We 
provide proofs and references for those results in Appendix B. 

In §4-6 we prove the main results of the paper in the non- Archimedean case. 

In §4 we prove Theorem C (which implies Theorem B and Theorem A). 

In §5 we prove Theorem 5.3.1, Corollary 5.3.2 and Corollary 5.3.4, which are "explicit" 
versions of Theorems C, B and A respectively (e.g.. Theorem A claims the existence of a 
dense open U on which a certain distribution is smooth, while Corollary 5.3.4 provides a 
concrete U with this property). We also explain how Theorem 5.3.1 implies Theorem E. 
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In §6 we deduce Theorem F from Theorem E. 

In §7 we explain how to adapt the proofs from §4-6 for the Archimedean case. 
In Appendix A we elaborate on the results stated in §§§2.3.4. 
In Appendix B we elaborate on the results stated in §§3.1 

1.7. Acknowledgments. We thank Patrick Gerard for a useful reference and Vladimir 
Hinich, for fruitful discussions. We thank Joseph Bernstein, Ehud Hrushovski, David 
Kazhdan and Michael Temkin for their useful remarks. We would also like to thank Inna 
Entova-Aizenbud for proofreading the drafts for this work. 
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the program "Analysis on Lie Groups" at the Max Planck Institute for Mathematics 
(MPIM) in Bonn. Avraham Aizenbud is also partly supported by NSF grant DMS- 
1100943. Vladimir Drinfeld is partly supported by NSF grant DMS-1001660. 

2. Preliminaries 

2.1. Notation and conventions. Below is a list of notations and conventions through- 
out the paper. The somewhat nonstandard among them are (1), (3), (15). 

2.1.1. The local field F. 

(1) We fix a local field F of characteristic 0. It will be non- Archimedean in the entire 
paper except §7 and the Appendices. 

(2) We always equip F with the normalized absolute value (this is the multiplicative 
quasi-character x t— )■ given by the action on Haar measures). 

(3) We fix a non-trivial additive character : F ^ C^. 

2.1.2. Varieties and manifolds. 

(4) All the algebraic varieties and analytic varieties which we consider are reduced, 
separated and defined over F. 

(5) We will treat F-algebraic varieties as F-algebraic ones equipped with an F- 
structure. 

(6) We will treat F-vector spaces both as algebraic varieties and analytic varieties. 

(7) When we say "an analytic variety" , we mean an F-analytic variety in the classical 
sense of [Ser] and not in the sense of rigid geometry or Berkovich geometry. 

(8) For an algebraic variety X, we will denote by X{F) the set of F points of X consid- 
ered as an analytic variety (and, in particular, as a topological space). By abuse 
of notation, the map X{F) — > Y{F) corresponding to a morphism of algebraic 
varieties : X — )■ F will also be denoted by (p. 

(9) We will use the word "manifold" to indicate smoothness, e.g. "algebraic manifold" 
will mean smooth algebraic variety. 

(10) When we want to speak in general about algebraic and analytic varieties or man- 
ifolds, we will just say variety or manifold. 

(11) We will use the word "regular" only in the sense of algebraic geometry and not in 
the sense of analytic geometry. 

(12) We will usually use the same notation for a vector bundle and its total space. 

(13) For a vector bundle E over a manifold X, we will identify X with the zero section 
inside E. 
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2.1.3. The (co)tangent and the (co)normal bundle. 

(14) For a manifold X, we denote by TX = T{X) and T*X = T*{X) the tangent and 
co-tangent bundles, respectively. For a point x G X, we denote by T^X = Tx{X) 
and T*X = T*{X) the tangent and co-tangent spaces, respectively. 

(15) For a (locally closed) submanifold F C X, we denote by Ny '■= {Tx\y)/Ty and 
CNy '■= {Ny)* the normal and co-normal bundle to Y in X, respectively. 

2.1.4. Group and Lie algebra actions. 

(16) For a group G acting on a set X, and a point a; G X, we denote by Gx or by G{x) 
the orbit of x and by G^ the stabilizer of x. 

(17) An action of a Lie algebra g on a manifold M is a Lie algebra homomorphism from 
g to the Lie algebra of vector fields on M. Note that an action of an (analytic or 
algebraic) group on M defines an action of its Lie algebra on M. 

(18) For a Lie algebra g acting on M, an element a G g and a point x G M, we denote 
by a{x) G T^M the value at x of the vector field corresponding to a. We denote 
by Qx C T^M or by q{x) C T^M the image of the map a i— )■ a{x) and by g^; C g 
its kernel. 

2.1.5. Differential forms. 

(19) For a top differential form a; on a manifold M, we define its absolute value \u:\ to 
be the corresponding measure on M (or on M{F) in the algebraic case). 

2.2. Algebraic geometry. 

2.2.1. Resolution of singularities. In this paper we will need Hironaka's theory of reso- 
lution of singularities. This theory was established in [Hir]. A more recent overview can 
be found in [Kol]. 

Let us summarize here the results we need. 

Definition 2.2.1. Let X be an algebraic variety. 

• A resolution of singularities of X is a proper map p : Y ^ X such that Y is 
smooth and p is a birational equivalence. 

• A subvariety D G X is said to be a normal crossings divisor (or NC divisor) if for 
any x E D there exists an etale neighborhood (f) : U — ?■ X of x and an etale map 
a : U ^ A"' such that (l)~^{D) = a~^{D'), where D' C A" is a union of coordinate 
hyperplanes. 

• A subvariety D G X is said to be a strict normal crossings divisor (or SNC 
divisor) if for any x G D there exists a Zariski neighborhood U G X of x and an 
etale map a : U ^ A'^ such that D (1 U = a~^{D'), where D' C A*^ is a union of 
coordinate hyperplanes. 

• We say that a resolution of singularities p : Y X resolves (resp. strictly resolves) 
a closed subvariety D G X ii p^^{D) is an NC divisor (resp. an SNC divisor). 

Theorem 2.2.2 (Hironaka). Let X be an algebraic variety and U G X a dense nonsin- 
gular open subset. Then there exists a resolution of singularities p : X — )■ X that resolves 
X — U such that the map p^^{U) U is an isomorphism. 
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There is a standard procedure to resolve a normal crossings divisor further to a strict 
normal crossings divisor, see e.g. [Jon]. This gives the following corollary. 

Corollary 2.2.3. In Theorem 2.2.2 one can replace "resolves" by "strictly resolves". 

2.2.2. Nagata's compactification theorem. We will need the following theorem: 

Theorem 2.2.4 (Nagata (see e.g. [Con])). Let cj) : X Y he a morphism of algebraic 
varieties. Then there exists a factorization (p = (p' o i : X X' ^ Y such that i : X ^ X' 
is an open embedding and cf)' : X' Y is proper. 

2.3. Distributions in the non- Archimedean case. 

We recall here the facts that we need about distributions in the non- Archimedean case. 
The Archimedean case will be discussed in §§7.1. 

We will use the language of /-spaces and distributions on them. For an overview of this 
theory we refer the reader to [BZ]. 

Let us briefly recall the basic notations and constructions of this theory; all the notations 
except numbers (6), (11), (12) are standard. 

2.3.1. Functional spaces. Let X be an /-space, i.e. a locally compact totally disconnected 
topological space. 

(1) Denote by C°°{X) the space of smooth functions on X (i.e. locally constant 
complex valued functions). 

(2) Denote by S{X) the space of Schwartz functions on A, i.e. smooth, compactly 
supported functions. Define the space of distributions S*{X) := S{X)* to be the 
dual space to S{X), endowed with the weak dual space topology. We will also 
denote by C(A) the space of complex valued, continuous functions on X. 

(3) By "locally constant sheaf" over an /-space we mean a locally constant sheaf of 
finite-dimensional vector spaces over C. In fact, we will need only locally constant 
sheaves of rank 1. 

(4) For any locally constant sheaf E over A, we denote by S{X,E) the space of 
compactly supported sections of E, by S*{X, E) its dual space, and by C°°(A, E) 
the space of sections of E. We will also denote by C(A, E) := C°°{X, E) ®c°^i^x) 
C(A) the space of continuous sections of E. 

(5) Let S*{X,E) be the space of compactly supported distributions. Note that we 
have a canonical embedding S*{X,E) ^ {C°°{X,E))*. 

(6) Suppose A is an analytic variety. Then we define Dx to be the sheaf of locally 
constant measures on A (i.e. measures that are locally isomorphic to the Haar 
measure on F"). We set Q{X) := S*{X,Dx) to be the space of generalized func- 
tions and Q{X, E) := S*{X, Dx £"*) to be the space of generalized sections of E. 
Similarly, we define ^c(A) and Qc{X,E). Note that we have natural embeddings 
C°°(A, E) C C(A, E) C g{X, E) and 5(A, E) C ^^(A, E). We will identify these 
spaces with their images and we will refer to the generalized sections which lie in 
C'^{X.,E) as "smooth" and those which lie in C(A, i?) as "continuous". 

2.3.2. Fullback and pushforward. Let : A — )■ F a continuous map of /-spaces. 

(7) We define 0* : C°^(F) ^ C°°(A) to be the pullback and 0* := {(t)*y\s*(x,E) ■ 
S*{X) S*{Y) to be the pushforward. Similarly, we define 0* : C°°{Y,E) 
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C°°{X,(j)*{E)) and 0, : S*{X,(p*{E)) S*{Y,E) for any locally constant sheaf 
E. 

(8) Assume that (f) is proper. This allows us to extend the pushforward to a map 
0, : S*{X) S*Iy) in the following way. Note that (p*{S{Y)) C S{X) and 
consider (f)*\s{Y) as a map from S{Y) to S{X). So we can define the pushforward 
(f)^ ■= {(j)*\s(Y)y ■■ S*{X) ^ S*{Y) extending the above map 0, : 5*(X) ^ S*{Y). 
Similarly, we define 0* : S* {X , (f)* (E)) S*{Y,E) for any locally constant sheaf 
E. 

(9) We can generalize the above two definitions in the following way. Let,^ G S*{X). 
Assume 0|supp(^) is proper. Then ■ ^ has compact support for any / G S{Y), 
so we can define G S*{Y) by 

{MO, f) = J rif) ■ e := • e, 1), / e ^(r). 

X 

Similarly, for any locally constant sheaf E on Y one defines if ^ G 

S*{X,(I)*{E)) is such that 0|supp(5) is proper. 

(10) Let : X — )■ y be an analytic submersion of analytic manifolds. Let us extend 
the pullback 0* : C{Y) C{X) to a map : ^(F) ^ ^(X) in the following 
way. Note that 0*(iS(X, Dx)) C -Dy), and consider (p*\s(x,Dx) as a map from 
S{X,Dx) to cS(r,Dy). The pullback 0* := (0*|5(x,Dx))* : Q{Y) g{X) extends 
the map 0* : C(y) ^ C{X). 

(11) For an analytic submersion : X — > "K of analytic manifolds, we define Dy '■ = 
0*(Z)y) ®Dx- For a locally constant sheaf E over F, we denote 0'(E) := 0*(E)® 
Dy. As before, we have the pushforward 4'*\s{x,<j)-{E)) '■ '^(X, 0'(i5)) S{Y,E) 
and the pullback 0* := {Ms(x,4,'-(E))y ■ G{Y,E) ^' g{X, <j)*{E)). 

(12) Let T : X — )■ y be an isomorphism of analytic manifolds. Note that = {T~^)* 
both for functions and for distributions. In this case, we will use the notation T 
for both of these maps. 

2.3.3. Fourier transform. 

Definition 2.3.1. 

• Let W be an F- vector space. We define the Fourier transform 

T ■ s{yv, Dw) S{W*) 

by 

n/m- y"/-(V'°0), ^ew*. 

We also define 

T* : S*{W) g{w*), 

to be the dual map (when W is replaced with W*) 

• Let X be an analytic manifold. Similarly, we define the partial Fourier transforms 

J^w ■■ S{X X W, L»J^^) ^ S{X X W*) 

and 

J-^V : S*(X xW)^S*(Xx W*, ^1^^*)= g{X X W*, D^^.^*). 
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We formulate here some standard properties of the Fourier transform which we will use 
in the paper. 

Proposition 2.3.2. Let W and W be F-vector spaces and X be an analytic manifold. 
Letie S*{X X W). 

(1) Let U C X be an open set. Then J^wiOluxw = J^wi^luxw)- 

(2) Let f e C°°{X) be a locally constant function. Then J^^UC) = fJ^wiO- 

(3) Let p : X ^ Y be a proper map of l-spaces. Then J^^{p*i) = P*J^wiO- 

(4) Let T] e S*{X xW xW). Then J^wxwiv) = J^w{J^W'{v))- 

In order to formulate the last properties, we will need the following notation. 

Notation 2.3.3. Let W, L be F-vector spaces and X be an analytic manifold. Let z/ : X — )■ 
Hom{L, W) he a. continuous map. Then 

(1) z/* : X — )■ Hom{W*, L*) denotes the map given by v^{x) = z/(a;)*; 

(2) : X X L ^ X X W denotes the map given by p^{x,y) = (x, z/(a;)(y)); in 
particular, we use this notation when L = W and u : X ^ F G End(W^) is a 
scalar function; 

(3) Mon{L, W) C Hom{L, W) denotes the space of linear embeddings from L to W. 

Proposition 2.3.4. Let W, L be F-vector spaces and X be an analytic manifold. Let 
u : X ^ Mon{L, W) be a continuous map. Then the following diagrams are commutative: 

(1) S{X X W*, D^^'^*) — S{X X W) 



S{X X X L) 



(2) S*{X X W\ D^^"^ ) 5*(X X W) 



S*{X X L\ D^^^ ) S*{X X L) 

Note that since py is an embedding, and p^t is a submersion, the inverse and the direct 
images in the diagrams are defined. 

2.3.4. The wave front set. As it was mentioned earlier, we will prove a stronger version of 
Theorem A, which has to do with the wave front set. The wave front set is an important 
invariant of a distribution ^ on an analytic manifold X, which was introduced in [Hor] in 
the Archimedean case and then adapted in [Hcf] to the non-Archimedean case. 

The wave front set is a closed subset of T*X. We will denote it by WF(^). The 
definition of WF(.^) will be recalled in Appendix A. Here we list the properties of the 
wave front set that will be used in this paper. Most of them are adaptations of results 
from [Hor]. Some are proved in [Hcf] and [Aiz], the rest will be proved in Appendix A. 

Proposition 2.3.5. Let X be an analytic variety and E a locally constant sheaf over it. 
Lets, € Q{X,E). Then we have: 
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(1) Pt*{x){WF{C)) = WF{C,)nX = Supp(0- Here we identify X with the zero section 
inside T*X and Pt*{x) '■ T*X X is the projection. 

(2) WF{!^) C X if and only if ^ is smooth. 

(3) LetU CX be an open set. Then WF{^\u) = WF{^) n T*{U). 

(4) Let e g{X, E) and f, f C C°°(X). Then 

WF{f^ + re') C WFiO U WFiO- 

(5) Let G he an analytic group acting on X and E. Suppose ^ is G-invariant. Then 

WFiO C {ix,v) E T*X{F)\v{qx) = 0} = U CiV|,, 

where q is the Lie algebra of G. 
In order to formulate the rest of the properties we will need the following notions: 

Definition 2.3.6. Let X be an analytic variety. Let A C T*{X). 

(1) We say that A is conic if it is stable with respect to the homothety action of 
on T*X, given by px{x,v) = {x, Xv). 

(2) If p : y — )■ X is an analytic map we define p*{A) C T*{Y) by 

p*{A) := {{y,v) G T*{Y)\3w G idpT\v) C T;(^y^Y with {p{y),w) G A}. 

(3) If p : X — )■ y is an analytic map we define C T*{Y) by 

pM) ■= {iy,v) e T*{Y)\3x G p-\y) with (x, e A}. 

Remark 2.3.7. We can describe the procedures of direct and inverse images in terms of 
symplectic geometry. 

Namely, let vr : M — )■ X be a map of manifolds. It gives rise to a correspondence 
A. C T*(M) X T*(X) by A, = {{{x,v), {y,w))\y = 7r{x),v = d7r*{w)}. 

Now let S and T be a symplectic manifold and A C 5 x T be a correspondence. For a 
subset Z C S,we set A{Z) = {y E T\3x G Z such that {x,y) G A}. 

This gives the following alternative definition for direct and inverse images: 

• for a subset Z C T*{M), we have 7r^,(Z) = A^{Z). 

• for a subset Z C T*(X), we have 7r*(Z) = A^^{Z). Here A~^ is A^^ considered as 
a subset of T*(X) x T*(M). 

Proposition 2.3.8. Let X be an analytic variety. Then we have: 

(1) WF{^) is conic. 

(2) Let E be a locally constant sheaf over X , let ^ G Q{X, E) and let p : Y X be a 
analytic submersion. Then WF{p*{^)) G p*{WF{C,)) . 

(3) Let q : X ^ Y be an analytic map, let E be a locally constant sheaf over Y and 
let ^ G S{X,q*{E)). Assume g|supp(o proper. Then WF{q^{^)) C q*(WF{^)). 

In §6 we will need the following more complicated properties of the wave front set: 

Notation 2.3.9. Let X be an analytic manifold. For a closed conic set F C T*X we denote 
by Qr{X) the space of generalized functions whose wave front set is in F. We will consider 
this space equipped with its natural topology which we describe in Appendix A. We will 
use similar notations for other types of generalized sections. 
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Proposition 2.3.10. We have the following generalization of Proposition 2.3.8 (2). Let 
p : Y X be an analytic map of analytic manifolds, let 

Np = {(x, v) G T*X\x = piy) and d*p{v) = for some y G Y}. 

Let E be a locally constant sheaf over X. Let V C T*X be a conic closed subset such 
that VnNpd X. 

Then the map p* : C°°{X,E) — )■ C°°{Y,p*{E)) has a unique continuous extension to a 
map p* : Gr{X, E) g{Y,p*{E)). Moreover for any ^ G Qr{X, E) we have WF{p*{^)) C 
p*{WFiO)- 

Definition 2.3.11. Let ^ G G{X x y) be a generalized function on a product of analytic 
manifolds. We will say that ^ depends continuously on Y if for any / G S{X,Dx) the 
generalized function E G(Y) given hj C,f{g) = ^(/ Kl g) is continuous. In this case we 
define ^UxM e GiX x {y}) by ^\xx{y}if) ■= ^fiv)- 

Remark 2.3.12. In the situation of Definition 2.3.11 the generalized functions C,y '■= 
^\xx{y}, y ^ y, form a continuous family (i.e., the map Y — )■ Q{X) defined hj y ^ is 
continuous). Thus one gets a bijection between generalized functions on X x y depending 
continuously on Y and continuous families of generalized functions on X parametrized 
by Y. 

Proposition 2.3.13. Let E Q{X xY) be a generalized function on a product of analytic 
manifolds. Assume that 

(3) WFiO n CN^:l^ cXxY 

and that ^ depends continuously"^ on Y . Then C,\xx{y} = where j : X x {y} "-^ X xY 
is the embedding. 

Combining Proposition 2.3.10 and Proposition 2.3.13 we get the following 
Corollary 2.3.14. In the situation of Proposition 2.3.13 one has 

WF{i\xx{y})^nWF{i)). 

3. WF-HOLONOMIC DISTRIBUTIONS 

3.1. Recollections on isotropic and Lagrangian conic subvarieties of T*(X). Let 

M be a symplectic algebraic manifold and V <Z M a, constructible subset^. We say that V 
is isotropic (resp. Lagrangian) if there is an open dense subset V <ZV which is a smooth 
isotropic (resp. Lagrangian) locally closed subvariety in M. 

Remark 3.1.1. The closure of an isotropic (resp. Lagrangian) subset is isotropic (resp. 
Lagrangian). The union of two isotropic (resp. Lagrangian) subset is isotropic (resp. 
Lagrangian) . 

Proposition 3.1.2. IfV d M is isotropic then so is any constructible subset Z cV. 

^In fact, (3) implies that ^ depends continuously on Y (cf. the discussion after Proposition 6.11 in 
[Tre]). We will not need this implication. 

subset of an algebraic variety is said to be constructible if it is a finite union of locally closed 
subsets. A theorem of Chevalley says that the image of a constructible subset under a regular map is 
constructible. (A similar statement for preimages is obvious.) 
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The statement is nontrivial because Z may be contained in the set of singular points 
of V . For a proof, see, e.g., [CG, Proposition 1.3.30] and [CG, §1.5.16]. 

Now let M = T*{X), where X is a smooth algebraic manifold. The multiplicative 
group acts on M by homotheties. A subvariety of M is said to be conic if it is stable 
with respect to this action. If A C X is a smooth algebraic subvariety then the conormal 
bundle CN^ and its closure CN^ are conic Lagrangian subvarieties of T*{X). It is well 
known that any closed conic Lagrangian subvariety of T*{X) is a finite union of varieties 
of the form CN^ . Here is a slightly more general statement. 

Lemma 3.1.3. Let X he an algebraic manifold and C C T*(X) a closed conic algebraic 
subvariety. Then the following properties of C are equivalent: 

(1) C is isotropic; 

(2) C is contained in a Lagrangian subvariety ofT*{X); 

(3) There is a finite collection of smooth locally closed subvarieties Ai G X such that 

i 

(4) There is a finite collection of smooth locally closed subvarieties Ai G X such that 

Cc[jCNl. 

i 

This lemma is standard. For completeness, we include its proof in Appendix B. 

Now let S C T*X{F) be any conic subset (not necessarily an algebraic subvariety). Its 
Zariski closure S C T*X is also conic. 

Lemma 3.1.4. S has the equivalent properties from Lemma 3.1.3 if and only if there is a 
finite collection of smooth locally closed subvarieties Ai G X such that S C [JCN^.{F) . 



Proof If ^ C U CN^ , then SgIJ CN^ (F). li S c[j CN^ (F) , then S c[j CN^ . □ 

i i i i 

The following lemma is well known (see Appendix B for a proof). 

Lemma 3.1.5. Let p : X Y be a morphism of algebraic manifolds. Let T C T*X and 

S C T*Y be constructive subsets. 

(1) IfT is isotropic then p^{T) is. 

(2) If S is isotropic thenp*{S) is. 

For the definition of and p*, see Definition 2.3.6 and Remark 2.3.7. Note that since 
T and S are constructible so are J9*(T) and p*{S). 

3.2. WF-holonomic distributions. 

Definition 3.2.1. Let X be an algebraic manifold over F and let ii^ be a locally constant 
sheaf on X{F). A distribution ^ G S*{X{F),E) is said to be algebraically WF-holonomic 
if the Zariski closure of WF{C,) is isotropic. 
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Remark 3.2.2. By Lemmas 3.1.3 and 3.1.4, ^ is algebraically WF-holonomic if and only 
if WF{^) C IJ CN^ {F) for some smooth locally closed subvarieties Ai, . . . , An C X . 

i 

Remark 3.2.3. One can also define a more general notion of "analytically WF-holonomic 
distribution" for analytic manifolds. However, we will not discuss it in this paper. So we 
will use the expression "WF-holonomic" as a shorthand for "algebraically WF-holonomic" . 

Remark 3.2.4. In general, the notion of WF-holonomicity is not as powerful as the notion 
of holonomicity given by the theory of D-modules. For example, it is not true that the 
Fourier transform of a WF-holonomic distribution on an affine space is WF-holonomic. 
Yet if the variety X is compact, then the notion of WF-holonomicity seems to be a good 
candidate for replacing the notion of holonomicity in the non- Archimedean case. 

The next lemma follows immediately from statements (2) and (3) of Proposition 2.3.5. 

Lemma 3.2.5. Let X be an algebraic F -manifold and E a locally constant sheaf over 
X{F). If ^ G Q{X{F),E) is WF-holonomic then there exists a Zariski open dense subset 
U C X such that ^\u{f) is smooth. 

The fact that inverse and direct images preserve isotropicity (Lemma 3.1.5) and the 
properties of the wave front set (Propositions 2.3.8 and 2.3.10) imply the following propo- 
sition: 

Proposition 3.2.6. Let X be an algebraic F -manifold. 

(1) Let E be a locally constant sheaf over X{F), let C, G G{X, E) be a WF-holonomic 
generalized section and let p : Y ^ X be a morphism. Assume that WF(^) (iNp G 
X. Thenp*{^) is WF-holonomic. 

(2) Let q : X Y be a regular map, let E be a locally constant sheaf over Y{F) 
and let ^ G S{X,q*{E)) be a WF-holonomic distribution. Assume that the map 
Supp(^) — ?► Y{F) induced by q is proper (as a continuous map). Then q'*(^) is 
WF-holonomic. 

We will also use the following corollary of Proposition 2.3.5 (5) 

Corollary 3.2.7. Let X be an algebraic manifold and E a locally constant sheaf over 
X{F). Let an algebraic group G act on X and let G{F) act on E. Let U G X be a 
G-stable open set and Z = X - U. Let ^ G g{X{F), E)^^^\ Suppose Z has a finite 
number of G- orbits and C,\u{f) is smooth. Then is WF-holonomic. 

By twisting the action of G on i^^ by a quasi-character, we obtain the following version 
of Corollary 3.2.7. 

Corollary 3.2.8. Let X,G,E,Z,U be as m Corollary 3.2.7. Let ^ G g{X{F),Ef^^\ 
Suppose i\u{F) is smooth and the line C Q{X{F), E) is G{F)-stable (i.e., ^ G 
Q(X{F), E)'^^^^'^ for some quasi- character x '■ G{F) — )■ C^). Then ^ is WF-holonomic. 

4. Proof of Theorems A-C 
In this section we prove the theorems formulated in §1.1. 

Using the notion of WF-holonomic distribution from §3, one can reformulate Theorem C 
as follows. 
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Theorem 4.0.9. Let W be a finite- dimensional F -vector space and X, Y he algebraic 
manifolds. Let (p : X Y x W be a proper map and let u be a regular top differential 
form on X . Then the partial Fourier transform^ 

J'^yiMm e S*{Y{F) X = g{Y{F) X W^D^^P^"^*) 

is WF-holonomic. 

Theorem B is a particular case of Theorem 4.0.9 when y is a point. Theorem A follows 
from Theorem B by virtue of Lemma 3.2.5. Thus it remains to prove Theorem 4.0.9. 

4.1. Reduction to the key special case. 

Notation 4.1.1. For a vector space W, we denote by W the projective space of one dimen- 
sional subspaces of W (B F. We consider W as an open subset of W. 

Using Hironaka's theorem and Nagata's theorem, we will deduce Theorem 4.0.9 from 
Proposition 4.1.4, which is, in fact, a special case of Theorem 4.0.9. To formulate Propo- 
sition 4.1.4, we need some notation. 

Notation 4.1.2. Let Y be an algebraic manifold and W a vector space. Let (p : Y ^ W he 
an algebraic map. We set Yq := (f)~^{W) and Yoo := 0~^(W^oo)- Assume Yq is dense in Y. 
Let w be a rational top differential form on Y which is regular on Yq and let Uq := u}\yo- 
Define i : Yq ^ Y x W hy i{y) := {y, 0(y)) and set 

We also set 

V^,. := J'wiv^,.) e S*{Y{F) X = g{Y{F) x W* , D^^P'^'^*). 

Remark 4.1.3. i^dcjol) is a well-defined measure because the embedding i is closed; to see 
this, represent i : Yq "-^ Y x W a.s the composition 

Yq^T^ niYQxW) = T^niY xW)-^Y xW, 

where G Y x W is the graph of 0. 

Now we can formulate the key special case of Theorem 4.0.9: 

Proposition 4.1.4. Let Y, W, 0, u, Y^q, Yq be as in Notation 4-i-2. Let Z G Y be the zero 
locus of u. Assume Z U Y^q is an SNC divisor. Then the partial Fourier transform fj^^^^ 
is WF-holonomic. 

We will prove this proposition in section 4.2. 

Remark 4.1.5. Note that Proposition 4.1.4 is indeed a special case of Theorem 4.0.9. 
Namely, if we substitute X, y, : X — )■ F x and u from Theorem 4.0.9 by Yq? i '■ 
Yq ^ Y X W and uq from Notation 4.1.2, then we obtain the assertion of Proposition 
4.1.4. Substituting for i is possible because, as mentioned in Remark 4.1.3, the map i 
is a closed embedding and hence proper. 



^Partial Fourier transform was introduced in Definition 2.3.1. Tlie symbols S* and Q were introduced 

(F)) 
(F) 



in §§§2.3.1. For tlie symbols Dy\p\''^' and D^.i^'^''^' , see §§§2.3.2. 
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In some cases, one can describe fj^^i^ explicitly. Namely, we have the following straight- 
forward calculation: 

Lemma 4.1.6. Let {Y, W, 0, uj) be as above. Suppose Im0 C W. Define G C°°(F(F) x 

W*) by Uiy,0:=m,<Piy)))- 

Then the generalized section fj^^^^ is equal to the continuous section f^-prw*{\^jj\), where 
pry/ : y X ly — )■ y zs the projection. 

Remark 4.1.7. In fact, the formula 

(4) f]^^^ = f^-pr*{\uj\) 

holds without assuming that Im0 (Z W ii the r.h.s. of (4) is understood appropriately. 
More precisely. Definition 2.3.1 and the definition of rj^^^ (see Notation 4.1.2) immediately 
imply that the scalar product of fj^^^^ with any h G S(Y{F) x iy*,Dy|^j^^ ) equals the 
iterated integral 

j I hU-pr*{\u\) 

Yo W 

(the latter makes sense because after integrating along W*, one gets a measure on Yq{F) 
with compact support). 

Now let us prove Theorem 4.0.9 using Proposition 4.1.4. 

Proof of Theorem 4-0.9. Applying Nagata's Theorem 2.2.4 to the composition X — ^ 
Y xW v^e get a commutative diagram 

X ^ X 



Y xW ^ Y xW 

in which the map X ^ Y x W proper and the map X^X is an open embedding. 
Identify X with its image in X. 

Let Z C X be the zero locus of w, Z be its closure in X and X^ := X — X . Let 
S := Z U Xoo and U := X — Sc X. Let p : X — X be a resolution of singularities of 
X that strictly resolves S, such that Pp~^{u) '■ P^^iU) — )■ f/ is an isomorphism. Identify U 
with p~^{U). 

Let txy : Y X W ^ Y and vr-jy : Y x W ^ W he ihe projections. Let ao : X -)■ F be 
the composition 

and q;:XxW^— j-Fxl^beaoX Idw Clearly a is proper. Let /3 : X — )■ be the 
composition 

xAx^FxTT^W 

Let uj' = uj\u, and consider u' as a rational form on X. Let Z' C X be its zero locus. 
Note that Z' U /3"^(Woo) = /0"^(H) is an SNC divisor. We have: 
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and hence 

By Proposition 4.1.4, the distribution r)^ ,^ is WF-holonomic. Thus by Proposition 3.2.6 
J^^{(f)^{\ijo\)) is WF-holonomic. □ 

4.2. Proof of Proposition 4.1.4. The proof of Proposition 4.1.4 is based on the key 
Lemmas 4.2.1 and 4.2.3 below. 

4.2.1. The key lemmas. Recall that if VI^ is a finite-dimensional vector space over F, 
then W stands for the space of lines in W ® F . The image in ly of a nonzero vector 
(w, a) G W ® F will be denoted by {w : a). 

Lemma 4.2.1. Let Y he an algebraic manifold and W a vector space over F, with 
dimW^ < oo. Let (p : Y ^ W be a map defined by (f){y) = {a{y) : p{y)), where a : Y ^ W 
and p : Y ^ F are regular, p ^ on a dense subset and a has no zeros. Let u and 
V<f>,c. e S*iY{F) X W) be as m Notation 4.1.2, so E S*{Y{F) x W* , Dl'ff^''^* ) . 
Considering ^ as a map Y ^ F'^ = , we also get rji ^ G S*{Y{F) x F) and 

G S*{Y{F) X F.Dlf^Y^). Then 

(5) fi^^u = g*{f]i,J, 

where g :Y x W* -^YxFis defined by 

(6) :=(!/, yeY,^eW*. 



Note that since a has no zeros g is a submersion, so we have a well-defined map 
g* : S*{Y{F) x F,Dy{JJ''^) ^ S*{Y{F) x 1^*, D^f^J^^*) and the r.h.s. of (5) makes 
sense. 

Remark 4.2.2. If p has no zeros then Lemma 4.2.1 is obvious. To see this, note that by 
Lemma 4.1.6, in this case 

V<t>,co = U ■ prw*{\i^\), 9*{Vi,J = 9*ifi ■ prUl^D) = g*{fi) ■ pr*w{\^\), 

where L : Y{F) x W* C and fi:Y{F)xF^C are defined by 

p 

(7) ^''^^'^^^'^(^^M^)' 

(8) f,(y,u) = ^(jl-^y yeY,uEF, 

so (5) follows from the equality = g*{fi), which is obvious by (6), (7), and (8). (The 

p 

case where p has zeros is not much harder in view of Remark 4.1.7.) 
Let us give a complete proof now. 
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Proof of Lemma 4-2.1. Let Yq = p^^{F — {0}),(X'o = ou\yo, ii :Yq x F he the graph 

p 

of ^ and : Yq ^ Y X W he the graph of 0. 

Recall that Mon{F, W) stands for the space of monomorphisms from F to W. Let 
1/ : F -)■ Mon{F, W) he given by i'{y){\) = A • a{y). Let : Y x F Y x W he the 
corresponding map (as in Notation 2.3.3). The map i,^ is equal to the composition 

YoAYxF^YxW. 

Thus, 

{pu)*Vl,uj = {pu)*{{il)*{\uJo\)) = M*{\UJ0\) = • 

p p 

Note that p^t = g. Thus by Proposition 2.3.4, 

□ 

Lemma 4.2.3. Let Y be the affine space with coordinates Let p : Y ^ F 

defined by p = HiLi Hi' > where U G Z>o. Let uj be the top differential form on Y given by 
u = (nr=i yT)dyi A ■ ■ ■ A dyn, where Vi G Z. Suppose > whenever It = 0, so a; is 
regular on the set Yq := {y ^ y\p{y) 7^ 0} and therefore rji ^ is well-defined. 

Then fji ^ is WF-holonomic. 

p ' 

This lemma follows from the next one combined with Corollary 3.2.8. 
Lemma 4.2.4. In the situation of Lemma 4-2.3 one has 

n 
i=l 

where tt denotes the following action of (F^)" on Y x F: 

n 

7r(ai, ■ ■ ■ , a„) ■ (yi, ■■■ ,yn, ^):=iaiyi, ■ ■ ■ , a„?/„, ^ JJ a-'). 

i=l 

Remark 4.2.5. By Lemma 4.L6 and Remark 4.1.7, 

Vi,c = 9 ■ \dyi A ■ ■ ■ A dyn\, 

p 

where g is the function 

n n 

9{y,o = H^-lly^''y]l\y^\^' 

1=1 i=l 

considered as a generalized function on the whole Y{F) x F (namely, to compute its 
scalar product with any test function, one integrates first with respect to ^ and then with 
respect to y). So Lemma 4.2.4 just says that the equality 

n n 

^(af ^2/1,..., a;^V,^n = ni"*'"'^' ■ 9{yi,---yn,0 

i=l 1=1 

holds in Q{Y{F) x F) (not merely on the locus yi 7^ 0). This is clear. On the other hand, 
a formal proof of the lemma is given below. 
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Proof of Lemma 4-2.4- Consider the action tti of T := on Y given by 

7ri(ai, ■ ■ ■ ,an) ■ {yi, ■■■ ,yn) = ■ ■ ■ , "n^/n)- Let t = («!, ■ ■ ■ , a„). Clearly, 



Mm = (n«."') -p n,{t){uj) = ill 

i=l i=l 

Thus by Proposition 2.3.4, we have 



n 

1=1 



This implies 



P ' J- -1- r 



i=l 



□ 



4.2.2. Proof of Proposition 4-1-4- Let us introduce the following ad hoc terminology. 
Definition 4.2.6. A quadruple (F, cj) as in Notation 4.1.2 is said to be "good" if 

y{F) 



f]^,u e S*{Y{F) X W^Dy^pl""^') is WF-holonomic. 



Our goal is to show that any quadruple (Y, W, 0, u) satisfying the conditions of Propo- 
sition 4.1.4 is good. We will need the following obvious lemma. 

Lemma 4.2.7. Let (Y,W, be as above. Let e : U Y be an etale map and 
f G 0^{Y) be an invertible regular function. Then 

(1) ri^jw = I/I ■ V'P,io- 

(2) Let pf-. YxW^YxW denote the homothety action as in Notation 2.3.3. Then 

(3) Let e*(0) denote the composition 

U ^Y 

Then 

rie*{<j>),e*{ui) = (e X Idw)*{ri^,u:) 
Let us now study how the property of being good depends on (y, 0, uj). 

Proposition 4.2.8 (Locality). Let (Y, 1^,0,0;) be as above. 

(1) Let Y = [jUi be a Zariski open cover of Y. Suppose that the quadruple 
{Ui,W, (l)\ir.,u\uj is good for each i . Then the quadruple {Y,W, (f),u) is good. 

(2) Let e : U ^ Y be an etale map. Suppose that the quadruple {Y,W,(j),uj) is good. 
Then the quadruple {U,W,e*{(j)),e*{uj)) is good. 
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Proof. 

(1) By Lemma 4.2.7(3), we have r]^\ij,ui\u = {v^,oj)\uxw- By Lemma 2.3.2, we 
get i7,/,|y,cj|[/ = {'>]<i),uj)\u{F)xw ■ By Proposition 2.3.5, this gives WF(?70| 
WF(i7(^_(^) n (T*{U X W)){F). This immediately imphes the assertion. 

(2) Follows immediately from Lemma 4.2.7(3) and Proposition 3.2.6. 

□ 

Proposition 4.2.9 (Homogeneity). Let (y, 1^, 0, w) he a good quadruple. Let /i,/2 G 
0^(Y) he invertihle regular functions. Then {Y,W, fi(j), f2Uj) is good. 

Proof. By Lemma 4.2.7(1,2), we have rif^^j^^^ = (p/i(|/2| • By Proposition 

2.3.4, we get J^wiv h<f>j2uj) = I/2I " Pf-A^wiV'i^^Lo))- By Proposition 2.3.5, this gives 
WF(J^^(r7/^(^j2^)) C pj^(WF(J^^((r7(^_^)))) . This immediately implies the assertion. □ 

Corollary 4.2.10. Let (y, w) he a quadruple as ahove. Assume that dim 14^ = 1, so 

we can interpret (p as a rational function on Y . Then the property of heing good depends 
only on the divisors of (p (^nd u. 

We will also need the following standard lemma. 

Lemma 4.2.11. Let D G U he an SNC divisor inside a smooth algehraic variety. Let Di 
he a collection of divisors in U supported^ in D. Then there exist a Zariski cover Vj of 
U, etale maps Cj : V^- — A" and divisors Dji in A" such that {Di)\vj = e*{Dji) and each 
Dji is supported in the union of the coordinate hyperplanes. 

Now we are ready to prove the following particular case of Proposition 4.L4. 

Lemma 4.2.12. Let {Y,W,(j),u)) he as in Proposition Moreover, suppose that 

W = F andO^ 0(F). Then (Y, W, 0, u) is good. 

Proof. The proof is based on Lemma 4.2.3. We can rewrite = where p is a regular 
function on Y . We know that S := Y^o U Z is an SNC divisor in Y . 

Let Di be the divisor of p and D2 the divisor of u. By Lemma 4.2.11, we can find 
a Zariski cover Vj of Y, etale maps Cj : Vj — )■ A", and divisors Dji,Dj2 such that 
{Di)\Y. = e*j{Dji) and the divisors Dji are supported in the union of the coordinate 
hyperplanes. By Proposition 4.2.8(1), it is enough to show that for any j the quadruple 
(Vj, F, -r— , (wly.)) is good. By Corollary 4.2.10, we may replace p|y. and u\v, by any other 

P I Vj ■' J J 

function and form with the same divisor. So by Proposition 4.2.8(2), it is enough to show 
that (A'^,F, i,£) is good for some regular function q and top differential form e on A" 
such that the divisor of q is Dji and the divisor of e is Dj2. This follows from Lemma 
4.2.3. □ 

Proof of Proposition 4-1 -4- Without loss of generality we may assume that Y is irre- 
ducible and w 7^ 0. 

We have to show that {Y, W, 0, u) is good. We can cover Y by open subsets Ui so that 
0|{/- = (/j(x) : Pi{x)), where for each i, one of the maps fi : Ui ^ W and pi : Ui ^ F 
never vanishes. 

^Recall that a divisor on a manifold is an integral linear combination of irreducible subvarieties of 
codimension 1. The words "supported in Z?" mean that each of the subvarieties is contained in D. 
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By Proposition 4.2.8(1), it is enough to show that {Ui,W, (j)\u^,u\ui) is good. 

• The case when pi never vanishes. 

By Lemma 4.1.6 it is enough to show that is a WF-holonomic distribution on 
f/j. For this it is enough to show that {Ui,F, l,u\ui) is good. This follows from 
Lemma 4.2.12. 

• The case when /j never vanishes. 

By Lemma 4.2.1, there exists a submersion g : Ui x W ^ Ui x F such that 
fl(bu = g*{vj-ui)- So by Proposition 3.2.6, it is enough to show that {Ui,F, — ,a;|(7.) 
is good. This again follows from Lemma 4.2.12. 

□ 

5. Proof of Theorem E 

5.1. A fact from symplectic geometry. We will need the following lemma, which will 
be proved in Appendix B. 

Lemma 5.1.1. Let W be a finite dimensional vector space over F and X be a manifold. 
Let E be a vector bundle over Y which is a subbundle of the trivial vector bundle Y xW . 
Let CY xW* be its orthogonal complement. Then CN^^^* = CN^""^ . 
Here 

(jfqYxw ^ rj^^^Y xW)= T*{Y) xW xW*, 

CP^Yxw* (^T*{Y X W*) = T*{Y) xW* xW, 

and the symplectic manifolds T*{Y) x W x W* and T*{Y) x W x W* are identified via 
the map 

W X W*^W* X W, {w, 0) ^ {(f), -w). 

5.2. Some notation. 
Notation 5.2.1. 

(1) Let W he a vector space. We denote by P(Ty) the projective space whose points 
are 1-dimensional subspaces in W*. We denote by Tautp(^w) the tautological line 
bundle of P(iy) which is a subbundle of the trivial bundle with fiber W*. 

(2) Recall that W := F{W* © F). 

(3) Let be a finite dimensional vector space over F and A be a manifold. Let E be 
a vector bundle over A which is a subbundle of the trivial bundle A x W. Then 
its orthogonal complement in A x W* is denoted by E-^. 

In particular, we denote by Taut^^y^^ the orthogonal complement to Taut^w) , 
which is a co-dimension 1 subbundle of the trivial bundle P(W^) x W. 

Notation 5.2.2. Given a morphism f : M ^ N between algebraic manifolds, define 
Grit/ C T*N by Grit/ := f*{M) where M C T*M is the zero section and is as in 
Definition 2.3.6(3). 

Remark 5.2.3. By Lemma 3.1.5, Grit/ is isotropic. It is easy to see that if / : M — )■ A is 
proper then the subset Grit/ C T*N is closed. 

Remark 5.2.4. The fiber of Grit/ over y G A is nonzero if and only if y is a critical value 
for / : M ^ A. 



22 



AVRAHAM AIZENBUD AND VLADIMIR DRINFELD 



Notation 5.2.5. For an SNC divisor D on some algebraic manifold, let Di denote the 
disjoint union of the irreducible components of D, let D2 denote the disjoint union of the 
pairwise intersections of the irreducible components of D, and so on. Let D denote the 
disjoint union of Di, i > 1. Clearly D is smooth, and if D is projective then so is D. 

5.3. An explicit upper bound for the wave front. Let F be a local field of charac- 
teristic 0. Because of the numerous references to §4, the reader may assume for a while 
that F is non- Archimedean. However, it will be clear from §§7.2 that this assumption is 
not necessary either in §4 or here. 

5.3.1. The goal. Consider the following setting (it is essentially^ the same as in the proof 
of Theorem 4.0.9 given at the end of §§4.1). 

Let X, Y be algebraic manifolds over F and W a vector space over F, with dim < 00. 
Let (j) : X ^ Y X W he a proper map. Let Xq := (f)^^{Y x W). Let w be a top differential 
form on Xq. Let Z he the closure of the zero set of u in X. Let D := ZU^)"^ {{W —W) xY) . 
Assume that D is an SNC divisor. 

Then we have the distribution (0|xo)*(|i^|)) on Y{F) x W. In §4 we proved that its 
partial Fourier transform J-"* ((01x0)^(1^1))) is holonomic, which means that 

(9) WF{T%<l>\x,)M)) C L{F) 

for some isotropic algebraic subvariety L G T*(Y x W*). 

Our goal now is to describe a specific L with property (9). The definition of L given 
below is purely algebro-geometric, so the fact that this L satisfies (9) will imply Theo- 
rem E. 

5.3.2. Definition of L. Let D he as in Notation 5.2.5. Let D' he the union of those 
components of D whose image in D is contained in (f)~^{W — W). 

Let IT : X ^ W and t : X Y he the compositions of (j) : X ^ Y x W with the 
projections Y x W ^ W and Y x W ^ Y. Let 

TT^: D' -W = F{W*) 

denote the map induced by vr : X — i- W. Set E := 7r^(TaMtp(vi/*))- Recall (see §§5.2) 
that Tautp^w*) C P(iy*) x W; accordingly, we have a map E ^ X x W . Set 

(10) D ■. = {X xO)U{D xO)UE; 

where U stands for the disjoint union; clearly D is a manifold equipped with a natural 
map fi' : D ^ X X W. Let : D ^ Y x W he the composition 

D ^ X xW'H'^Y xW. 

Let Crit^ be as in Notation 5.2.2. By Remark 5.2.3, Crit^ G T*(Y x W) is an isotropic 
closed algebraic subvariety. 

Finally, define L G T*(Y x W*) to be the image of Crit^ under the symplectic isomor- 
phism T*(Y X W)^T*{Y X W*) from Lemma 5.1.1. 



Only the notation is slightly different: here we denote by X and (j) the objects that were denoted by 
X and 4> o p in the proof of Theorem 4.0.9. 
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Theorem 5.3.1. We keep the notation of ^5.3.1. Let L be as in ^5.3.2. Then 
WF{J^*mx,)M^\)))cL{F). 

Before proving Theorem 5.3.1, let us formulate two corollaries in the case that F is a 
point. In this case the wave front in question is a subset of T*{W*) = W* x W, and the 
next corollary gives an upper bound for its intersection with {W* — 0) x [W — 0). 

Corollary 5.3.2. Let X be an algebraic manifold and W a vector space over F , with 
dimly < oo. Let (p : X —> W be a proper map. Let Xq := (f)~^{W). Let u be a 
top differential form on Xq. Let Z be the closure of the zero set of u in X. Let D = 
Z U (p'^iW — W). Assume that D is an SNC divisor. 

Let D be as in Notation 5.2.5. Let D' be the union of those components of D whose 
image in D is contained in X — Xq. Let tToo : D' ^ W — W = F{W*) be the natural 
map. Define PCrit^^ C P(iy*) x F{W) to be the set of pairs {z,H), where z G P(Vr*) 
and H C P(W^*) is a projective hyperplane^ containing z such that tToo : D' — t- P(14^*) is 
not transversal to H at some point of ti^{z). Let L' C {W* — 0) x {W — 0) denote the 
preimage of VCiiiT^^ with respect to the map 

{W* - 0) X (W^ - 0) -> ¥{W) X ¥{W*) = F{W*) X F{W). 

Then 

(a) L' C (W* — 0) X (W — 0) is an isotropic closed algebraic subvariety. 

(b) WF{:F*mxM\^\))) n m* - 0) X (ly - o)) c l\f). 

Remark 5.3.3. The set PCrit^^ C P(iy*) x P(iy) introduced above is the "projectiviza- 
tion" of the set Crit^^ C T*(P(iy*)) from Notation 5.2.2. More precisely, PCrit^^ 
canonically identifies with the quotient of Crit^^ —{zero section} by the action of • 

Proof. Let p : — — )■ P(iy*) be the canonical map. We have an isotropic closed 
algebraic subvariety 

(11) p*(Crit^^) C T*{W -Q) = {W -(i)xW* = W* x{W - 0). 
By Remark 5.3.3 and the definition of L', we have 

(12) V = p*(Crit.^) n {{W* -0)x{W- 0)), 

which proves statement (a). 

Let D and 1^: D xW = W he as in §5.3.2. By Theorem 5.3.1, 

(13) WF{J^*{{<p\x,)M^\))) n {W* x{W- 0)) C Crit^(F) n {{W - 0) X w*) 

(here we identify W x W* with W* x W, just as in formula (11)). 

Our D was defined by formula (10) to be a disjoint union of three sets. It is clear that 
fi~^{W — 0) is contained in the third one, denoted by E. Moreover, one has a Cartesian 



Recall that a point of ¥{W) is the same as a hyperplane H C ¥{W*). 

^By definition, non-transversality of tToo : D' — > P(M^*) to at x G 7:^{H) means that the image of 
d^TTo, : T,D' ^ r,^(,)P(W^*) is contained in T^^(^)H. 



24 



AVRAHAM AIZENBUD AND VLADIMIR DRINFELD 



square 

fi~\W -0) -0 

p 

b' — ^2^p(iy*) 

So the r.h.s. of (13) equals p*{Ci\t.„^). Thus we see that 

WF{rmxM\^\))) n m* - 0) X (H^ - 0)) C p*(Crit.^) n {{W* - 0) X (H^ - 0)). 
Combining this with (12), we get statement (b). □ 

Corollary 5.3.4. Lei X, VT, 0, Z)' and tt^ be as in Corollary 5.3.2. Define U to he the 
set of all i G W* — such that the map Hoo '■ D' — )■ P(l^*) is transversal to the hyperplane 
He C P(Vr*) corresponding to i. Then J^*{{4>\xo)*i\<^\))\u{F) is smooth. 

It is clear that U is Zariski open in W* — 0. 

Proof. By Corollary 5.3.2, J^*((0|xo)*(|w|)) is smooth on the open subset 

(14) {W* - 0) - q-\p{PCTKj) cW*-0, 

where q : W* - ^ F{W) and p : F{W*) x F{W) F{W) are the projections and 
PCrit^^ C F{W*) X F{W) is as in Corollary 5.3.2. The subset (14) clearly equals U. □ 

5.4. Proof of Theorem 5.3.1. We will proceed in stages analogous to the stages of the 

proof of theorem C. 

Lemma 5.4.1. Let Y be an algebraic manifold. Let p : Y ^ F be a regular function 
such that p ^ on a dense subset Yq. Let u be a rational top differential form on Y 
which is regular on Yq. Let D be the union of the zero sets of u and of p. Assume that 
D is an SNC divisor. Just as in Notation 4-1-2, let rji^E S*{Y{F) x F) denote the 

pushforward of \uj\ with respect to the map Yq Y x F given by y {ViViy)^^)- Let 
fji^^ S*{Y{F) X F, Dy^^p^^^) be its partial Fourier transform. 

Let D be as in Notation 5.2.5. Let D' be the union of those components of D whose 
image in D is contained in the zero set of p. 

Let H := {Y X F)U{b X F)U {D' x 0). We have a natural map u : H -^Y x F. 
Then 

WFifji J cCiiKiF) 

Proof. Just as in the proof of lemma 4.2.12, it suffices to consider the case where Y is an 
affine space and p and u are given by monomials. In this case the statement follows from 
Lemma 4.2.4 and Proposition 2.3.5(5). □ 

Proposition 5.4.2. Let Y be an algebraic manifold and W a vector space over F , with 
dimW^ < oo. Let (p : Y W be a regular map. Let Yq := (j)~^{W). Let u be a 
rational top differential form on Y which is regular on Yq- Let Z be the zero set of u. Let 
D = Z U (f)^^(W — W). Assume that D is an SNC divisor. Just as in Notation 4-1-2, let 
V<t>,uj £ S*{Y{F) X W) denote the pushforward of \uj\ with respect to the map Yq ^ Y xW 
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given by y ^ {y,(f){y)). Let fj^^^ G S*{Y{F) x ) be its partial Fourier 

transform. 

Let D be as in Notation 5.2.5. Let D' be the union of those components of D whose 
image in D is contained in (f)~^{W — W). 

Consider (f)jj, as a map (pjj, : D' — t- P(iy*) and G := (j)*^,{T aut^^y^^-^) as a subvariety of 

Y xW*. LetH := {¥ x W*) U (Z) x W*) U G. We have a natural map u : H ^ Y x W* . 
Then WFifi^,^) C Crit,(F). 

Proof. We follow the proof of Proposition 4.1.4. The claim is local, so we can reduce the 
problem to the case when 4> = {f '■ p) where f : Y ^ W and p : Y F are regular 
functions and one of them never vanishes. Let us analyze the two cases: 

• The case when p never vanishes. 
By Lemma 4.1.6. 

WF{fi^,^) = WF{f^-prw*{\oo\)) = WF{prw*{\uj\)) = prw*{WF{\u\)). 

The assertion follows now from Lemma 5.4.1 (after noticing that in this case D'- 
and Gi are empty). 

• The case when / never vanishes. 

By Lemma 4.2.1, we have a submersion g : Y x W* Y x F such that r/^^^j = 
g*{fiij. So by Proposition 2.3.8 (2), WF{m^) C g*{WF{fiiJ). Let and 

: — )■ y X F be the variety H and map v from Lemma 5.4.1. By Lemma 5.4.1, 
it is enough to show that Crit,, = 5f*(Critj,i). Let Dj,D'^ C Y and Gj dY x W* 
be the components of D, D' and G. Note that 

Crit.i = (F X F) U I JCiV^^^^ U I JCA^X,^^ 

and 

(15) Crit. = {YxW*)u[j CNl^^^^ U (J CiV^;^* 

The assertion follows now from the fact that Gj = g~^{Dj x 0). 

□ 

Corollary 5.4.3. In the notations of Proposition 5.4-2, let E := (/)^,(Tautp(iy*)) as a 
subvariety ofYxW. Let D := (Y x 0) L\ {£) x 0)Y[E . We have a natural map : D ^ 

Y X W. Let p : T*(Y X W)^^T*(Y x W*) be the standard identification (as in Lemma 
5.1.1). 

Then W(r)^,JCp(Crit^)(F). 

Proof. By Proposition 5.4.2, it suffices to show that Critj, = p(Crit^). Combining for- 
mula (15) with Lemma 5.1.1, we get 

Crit. = p ((r X 0) U U GNl^^^ U U CNll"^ ) . 

Clearly, E = G-^ G D x W. Thus Gf are the components of E. Therefore, (Y x 0) \J 
U CNl^^^ U U GN^r = Crit^ . □ 
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From Corollary 5.4.3 one deduces the following statement (using Proposition 2.3.8(3) 
in the same way as in the proof of Theorem 4.0.9): 

Corollary 5.4.4. In the situation of Theorem 5.3.1, we have 

WFiJ^*mxM\^\))) C (r X ldw*)MCnt,>)m 

where fi' : D ^ X xW and t : X ^ Y are as m ^5.3.2 and p : T*{Y xW)^T*{Y xW*) 
is the standard identification (as in Lemma 5.1.1). □ 

Theorem 5.3.1 follows from this corollary in view of the following lemma: 

Lemma 5.4.5. Let X,Y be manifolds and V be a vector space. Let A C T*{X x V) = 
T*{X X V*) be a subset. Let (p : X ^ Y be a map. Then {(p x Idv)*{A) = {(p x Idv)*{A) . 

Note that in the left hand side A is considered as a subset in T*{X x V) and in the right 
hand side A is considered as a subset in T*{X x V*). The equality is under the standard 
identification T*{Y xV) = T*{Y x V*). 

Proof. The lemma follows from Remark 2.3.7 and the equality 

where A^x/dv and A^x/dy, have the same meaning as in Remark 2.3.7. □ 

6. Proof of Theorem F in the non- Archimedean case 

In this section we deduce Theorem F from Theorem E assuming that the local field F is 
non-Archimidean. A slight modification of the same argument allows to prove Theorem F 
in the Archimedean well, see §7.2 below. 

In Theorem F we are given (p := X ^ Y xW and p : X ^ K. Let (p' = (pxp : X ^ Y x 
W xK. The idea is to apply Theorem EtoW xK instead of W and (p' : X ^ Y xW x K 
instead of (p := X ^ Y x W . Let L' C T*{Y x W* x K) be the isotropic subvariety 
provided by Theorem E in this situation (in particular, L' is stable under the homotheties 
of W*). We can also assume that L' is conic (otherwise replace L' by its biggest conic 
subvariety). Consider the embedding j :Y x W* = Yx W* x {1} F x W* x F. Define 
L to be the Zarizki closure^" of j*{L'), where j* has the same meaning as in Definition 
2.3.6(2). By Lemma 3.1.5 and Remark 3.1.1, L is isotropic. 

Let us show that L has the property required in Theorem F. Let F be a local field 
equipped with an embedding K ^ F. Set Wp '■= W ®k F. The problem is to show that 
the wave front of the distribution 

(16) /i :=J-^^((0^),((^ op^) . \ujf\))= J-{V,((0f)*(p^(^) ■ \uf\)) 

is contained in L{F). By the definition of L', the wave front of the distribution 

(17) /i' ■■=J'w,.Fii<l>'FUM)) 

is contained in L'{F). 
First, let us show that 

(18) /i = /i'|y(F)xH^*x{i} 



'in fact, j*{L') is closed, but this is not essential to us. 
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where the equahty (18) is understood in the sense of Definition 2.3.11. To this end, for 
each t E F consider the distribution 

where ipt is the additive character of F defined by ipt{x) = ip{tx). Note that /ii = /i, so 

(18) follows from the next lemma. 

Lemma 6.0.6. 

(1) {/ifjtgF is a continuous family of distributions^^ on Y{F) x Wp . 

(2) The distribution on Y[F) x Wp x F corresponding to the family {yUt} equals fi' ; 
that is, for any f G S{Y{F) x Wp, Cy(f) ^ D^*) and g e S{F), we have 

(19) {f-i',f^g)= [ M)g{t)dt. 

JteF 

Proof. Statement (1) is clear. Let us prove (2). We have: 

{fx'jMg) = {i^'pU\coF\),j'wAf)^J'Fig)) = {M,{<p'py{j'wAf)^J'Fig))) = 

= {\cOFl{<pFnJ'wAf)) ■ PUJ'Fig))) = (\cOFl{<pFnJ'wAf))-PF (/^^^* "^^^^ 

On the other hand 

{fj't, f) g{t)dt = / {{(j)F)^{\uF\ ■ p*p{iJt)),J^WF{f)) g{t)dt = 

teF JteF 



{(M ■ pU^t), {<pFr{J'wAf))) git)dt = / {\cofI M^iJ'wAf)) ■ pUi^t)) g{t)dt 

teF JteF 
So it remains to prove that 



\i^Fl{<pFr{J'wAf))-P*F[ / ^fg{t)dt\)= / {\ujFl{<PFr{J'wAf))-PF{^t))g{t)dt 

\JteF J I JteF 

This follows from the fact that, for each particular / and g, the integral can be replaced 
by a finite sum. □ 

Thus we have proved (18). By assumption, the wave front of /i' is contained in L'{F). 
So by Corollary 2.3.14, to prove that the wave front of fi is contained in L{F) := {j*L'){F), 
it suffices to check that L'{F) satisfies the condition of Proposition 2.3.13. In other words, 
we have to check that if z e j{Y x W*) and ^ G T*{Y xW* xK) are such that {z, ^) G L' 
and ^ is conormal to k{Y x W) then ^ = 0. Recall that L' is assumed to be conic and 
stable under the action of the multiplicative group on F x W* x K that comes from 
homotheties of W* x K; in other words, L is stable under x G^ • So the tangent space 
to the (Gm X Gm)-orbit of {z, ^) has to be isotropic. This means that ^ vanishes on the 
tangent space to the Gm-orbit of z. On the other hand, ^ is assumed to be conormal to 
j{Y X W*). So e = 0. 



11 



As usual, the space of distributions on Y{F) x Wp is equipped with the weak topology. 



28 



AVRAHAM AIZENBUD AND VLADIMIR DRINFELD 



7. The Archimedean case 

In §§7.1 we recall the terminology relevant for the Archimedean case (in particular, 
the notion of partially Schwartz distribution). In §§7.2 we explain what should be added 
to the proof from §4 of non- Archimedean case to make it valid in the Archimedean case 
(essentially, the only new ingredient is the elementary Lemma 7.2.1). 

Throughout the section F is an Archimedean field (i.e. F is M or C). Recall that we 
equip F with the normalized absolute value, which in case of F = C is the square of the 
classical one. 

7.1. Distributions in the Archimedean case. Let M be a smooth (real) manifold. 
Recall that the space C^(M) of test functions on M is the space of smooth compactly 
supported functions endowed with the standard topology (recall that in this topology, a 
sequence converges if and only if it has a compact joint support and converges uniformly 
with all its derivatives). Recall also that the space of distributions C~°°{M, Dm) on M 
is defined to be the dual of C^{M). Similarly, for any smooth vector bundle we can 
consider its smooth compactly supported sections and generalized sections. 

We will use the same notations as in §§2.3 but we will replace S with and Q with 
(j-oo rpj^g reason is that S and Q stands for Schwartz, and in the non- Archimedean 
case Schwartz functions are just smooth compactly supported functions and Schwartz 
distributions are just distributions, unlike the Archimedean case. 

The content of §§§2.3.1 and §§§2.3.2 holds for the Archimedean case, with the obvious 
modifications (e.g. /-spaces are replaced with smooth manifolds and locally constant 
sheaves are replaced with smooth vector bundles). The statements of §§§2.3.4 hold with 
minor modifications. In particular, the role of Definition 2.3.11 is played by the following 
one. 

Definition 7.1.1. Let C, € C^°°{X xY) he a. generalized function on a product of analytic 
manifolds. We will say that ^ depends continuously on Y if 

(i) for any / G C^{X, Dx), the generalized function C,f €i C^°°{Y) given by C,f{g) = 
^(/ Kl (yf) is continuous; 

(ii) for any y &Y, the functional f ^ if{y) is continuous. 

In this case we define i\xx{y} e C"°°(X x {y}) by ^Uxm(/) := if{y)- 

Remark 7.1.2. Using the closed graph theorem one can show that (i) implies (ii) (and 
moreover, (i) implies continuity of the map C^(A, Dx) — ^ C{Y) given by / i-> ^/). We 
will not need this fact. 

We present the rest of the content of §§§2.3.4, with more details, for both the 
Archimedean and the non-Archimedean case, in Appendix A. 

In order to discuss partial Fourier transform as in §§§2.3.3 we will need to discuss test 
functions which are partially Schwartz. 

Definition 7.1.3. Let M be a smooth manifold and y be a real vector space. 

(1) We define the space C^'^(Mx K) of partially Schwartz (along V) test functions on 
M X to be the space of all smooth functions / on M x such that Supp(/) C 
K X V for some compact K C M, and for any polynomial differential operator 
D on V and any smooth differential operator D' on M, the function D'Df is 
bounded. 
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(2) We define a topology on this space in the following way. For any compact K C M, 
we let C^'^(M x V") be the subspace of C^'^(M x V) that consists of all functions 
supported on K V . We define the topology on C^'^(M x V) by the semi- 
norms / I— ?► \D'Df\, where D' and D are as above. We define the topology on 
C^'^(M X V) to be the direct limit topology. 

(3) Let be a distribution onMxV , i.e., a continuous linear functional on C'^{MxV). 
We say that ^ is partially Schwartz along V if this functional can be continuously 
extended to the space of partially Schwartz test functions. 

(4) We can clearly extend the above definition to generalized sections of bundles of 
the type E M Dy, where E is a bundle on M. 

(5) We say that a generalized section of E^ Cy , (where Cy is the constant bundle on 
V) is partially Schwartz if it becomes so after multiplication by a Haar measure 
on V. 

(6) The space of Schwartz generalized sections will be denoted by . . ). 

Now the results of §§§2.3.3 (with natural modifications) are valid (with the same stan- 
dard proofs) for distributions which are partially Schwartz along the relevant vector space. 
Here is the precise formulation, whose only new ingredient is the fact that the operations 
performed on distributions preserve the partially Schwartz property. 

Proposition 7.1.4. Let W,L be a real vector spaces and X be a smooth manifold. Let 

^ e C^°°{X X W,Dxxw), which is Schwartz along W. 

(1) Let U d X be an open set. Then ^uxw is partially Schwartz along W and 

(2) Let ^' G C~°°(X X W.Dxxw) and Let X = \jUi be an open cover of X . Assume 
that C,'\uxw is partially Schwartz along W . Then ^' is partially Schwartz along W . 

(3) Let f G C°°{X) be a smooth function. Then f^ is partially Schwartz along W and 

(4) Let p : X Y be a proper map of smooth manifolds. Then p^C, is partially 
Schwartz along W and J-'^{p*C,) = P*J^wiO- 

(5) Let V be as in Lemma 2.3.4 Pu be as in Notation 2.3.3 Then the vertical arrows 
in the following diagram preserve the space of partially Schwartz functions and it 
is commutative. 

Q-oo,w'^X X W*) C-°°^^ {X X WXx^Dw) 



C-°°'^'(X X L*) — C-°^'^{X X L,Cx^ Dl) 

7.2. On the proofs of the main results in the Archimedean case. The proof of 
Theorem D follows the same lines as the proof of Theorem C, but in each step we have to 
check that the distributions we consider are partially Schwartz along the relevant vector 
space. In other words we should prove parts (i) and (ii) of Theorem D together. The 
reduction to Lemma 4.2.3 is the same as in Theorem C, but in Lemma 4.2.3 itself we need 
to be more careful. Namely, we have to precede it with the following lemma: 
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Lemma 7.2.1. Let Y be the affine space with coordinates yi, ■ ■ ■ ,yn- Let p : Y ^ F be 
defined by p = HiLi H^i > '^here U G Z>o. Let u be the top differential form on Y given by 
uj = (nr=i yT)d^yi^' ' '^dyn, where ri G Z. Suppose rj > whenever li = so u is regular 
on the set Yq := {y & Ylviv) 0}- Define i : Yq ^ Y x F by i{y) := {y , piy)"^) ■ Then 
the distribution i*(|ct;|) is Schwartz, and in particular it is partially Schwartz along F . 

Proof. Consider the scalar product of i*(|cj|) against / G C'^{Y x F). It suffices to get 
for it an estimate of the form 

(20) Muj\)U)\< sup \u{y,x)f{y,x)l 

{y,x)€YxF 

where u is some polynomial onYxF. 

n 

For brevity, write y instead of {yi, . . . , yn) and y"^ instead of H ■ Set 

i=l 

n 

s{y):=X{{i + \yl\). 

i=l 

We have 

\i^{\uj\)U)\ = \ [ y'f{y,p{y)-')dy\< 

< [ \y'\-\f{y,p{yr')\dy<C -snp s{y)-\y^\-\f{y,p{y)-% 
Jyo yeYo 

where C := J s{y)^^dy. 

Y 

The conditions on /j and imply that for big enough the function q{y) := p{y)^ ■ y^ 
is a polynomial. We have 

sup s{y) ■ \y^\ ■ \f{y,p{yy^)\ = sup s{y) ■ \q{y)\ ■ \p{y)\'^ ■ \f{y,p{yy^)\ < 

< sup s{y)-\q{y)\-\x^\-\f{y,x)\. 

{y,x)€YxF 

Thus we get an estimate of the form (20). □ 

Theorems E and 5.3.1 and Corollary 5.3.2 are also proven in the same way as in the 
non- Archimedean case. So we are left with Lemma G and Theorem F. 

In fact, we will need a slightly stronger version of Lemma G. For its formulation we 
will need the following notion. 

Definition 7.2.2. Let be a real vector space and X,Y be smooth manifolds. We call 
a family of generalized functions C,t £ C~°°'^{Y x V) parameterized by t G X strictly 
continuous if it gives rise to a continuous map C^'^{Y x V,Dyxv) C{X), where the 
topology on C{X) is the open compact one. 

The following lemma is a stronger version of Lemma G: 



'In connection with Definition 7.2.2, see Definition 7.1.1 and Remark 7.1.2. 
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Lemma 7.2.3. In the situation of Lemma G, set 

where t & F and ipt is the additive character of F defined by ipt{x) = ip{tx). Then each 
it is partially Schwartz along Wp and the family of distributions it, ^ F , is strictly 
continuous. 

In order to prove this lemma we will need the following one: 

Lemma 7.2.4. Let Y be an algebraic manifold and let Vi, V2 be finite dimensional F- 
vector spaces. Choose a Haar measure on V2. Let Z C Y x Vi x V2 be an algebraic 
subvariety such that the projection of Z to Y x Vi is proper (and hence finite). Let i be a 
distribution on Y{F) x Vi x V2 which is Schwartz along Vi x V2 and supported on Z{F). 
Let p : Y X Vi X V2 ^ Y X Vi be the projection. Then p*{i) is Schwartz along Vi. 

Moreover, if it € C~°°'^^^^'^{Y{F) x Vi x V2) is a strictly continuous family of dis- 
tributions which are supported on Z{F), then p^{it) G C-°°^^^{Y{F) x Vi) is a strictly 
continuous family of distributions. 

For the proof we will need the following lemma: 

Lemma 7.2.5. Let Y be an affine algebraic manifold and V be a finite dimensional F- 
vector space. Let Z <zY xV be an algebraic subvariety such that the projection of Z to 
Y is proper (and hence finite). Then there exists a real polynomial p on Y and a norm 
II "11 onV such that for any {y,v) G Z{F), we have max(||t>||, 1) <p{y). 

Proof. Let Zi be the coordinates on V. Since the projection of Z to Y is finite, we can 
find polynomials {aij}j=i...Ni on Y such that {zi)^^~^^ + J2j=i Ni'^iAy){^iY = fo'^ 
{y,z) G Z{F). This easily implies the assertion. □ 

Proof of Lemma 7.2.4. We can assume that Y is affine. By Lemma 7.2.5, we can find a real 
polynomial p on F x Vi such that for any {y, vi, V2) G Z{F), we have max(||t>||, 1) < p{y). 
Let be a smooth function on M such that </)([— 1, 1]) = 1 and (f){W — [—2,2]) = 0. Let 
/ G xV,x V2) be defined by f{y,vi,V2) = mv2\\/p{y,vi)). Let 

pr : X XV1XV2 ^ X xVi 

be the projection. Define 

pr; : C^{X X VuDx^cn) ^ C^{X x x V2, Dx>cnxv,) 
by pr*{g) = pr*{g) ■ f. It is easy to see that pr* can be continuously extended to a map 

C^,Vi(^X X Vi) c^yi^'^^^x X VI X V2) 
and that for any g G C~(X x Vi) and i G C;:°°{X x Vi x V2), we have: 

{^,pr;{f)) = {pn{i)J). 
This proves the assertion. □ 
Now we can deduce Lemma 7.2.3 from Lemma 7.2.4 and Theorem D(i). 
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Proof of Lemma 7.2.3. Let cp' = (p x p : X ^ Y x W x K and ^ := By 
Theorem D(i) the distribution ^' is partially Schwartz with respect to W x F. For any 
t E F, let := ^' ■ Iy(f)xWf ^ '^t- ^^^Y ^^^^ ^ strictly continuous 

family of partially Schwartz distributions and pr^(^^) = C,t- Lemma 7.2.4 now implies the 
assertion. □ 

Now let us prove Lemma 6.0.6 in the Archimedean case. The distributions fit and fi' 
from Lemma 6.0.6 can be written as 

= J^Wf (6) , = J^Wf iv) , 

where 

(21) ^t:=i(PF)4{iJtopF).\cuF\), teF, 

(22) v:=T*Ai<l>'MM)), 

and (j)' : X Y X W X K is defined hj (p' = (p x p. By Lemma 7.2.3, each C,t is partially 
Schwartz along Wp and the family of distributions {^t} is strictly continuous. So each fit is 
a well-defined distribution and the family {fit} is continuous. This proves Lemma 6.0.6(1). 
It is easy to check that the distribution on Y[F) x Wp x F corresponding to the family 
{^t} equals rj. By strict continuity of {^t}, this implies Lemma 6.0.6(2), which says that 
the distribution on Y{F) x Wp x F corresponding to the family {fit} equals fb' . 
Theorem F is deduced from Lemma 6.0.6 just as in the non-Archimedean case. 

Appendix A. The wave front set 

In this section we give an overview of the theory of the wave front set as developed in 
[Hor] for the Archimedean case and in [Hcf] for the non- Archimedean case. 

We will discuss these two cases simultaneously. We will discuss the wave front set 
of general distributions which are functionals on smooth compactly supported functions. 
We will use the notations C~°° and for the spaces of generalized functions and test 
functions as in §§7.1. Note that in the non- Archimedean case, there is no difference 
between Schwartz functions and smooth compactly supported functions, and between 
general distributions and Schwartz distributions. 

We explain here the results that we quote in §2.3.4. We give an explicit reference for 
some of them and provide proofs for the others. 

Definition A.0.1. 

(1) Let V be an F-vector space, with dimV < oo. Let / G C'^{V*) and wq e V*. 
We say that / vanishes asymptotically in the direction of wo if there exists p G 
C^{V*) with p{wo) i- such that the function e C°°(\/* x F) defined by 
0(w, A) := f{Xw) ■ p{w) is a Schwartz function. 

(2) Let f/ C y be an open set and v e C'°°{U,Du). Let Xq e U and wq G V*. We 
say that u is smooth at (xq, Wq) if there exists a compactly supported non-negative 
function p G C^{V) with p{xo) ^ such that J^*{p ■ v) vanishes asymptotically 
in the direction of Wq. 

(3) The complement in T*U of the set of smooth pairs (xq, wq) of v is called the wave 
front set of v and denoted by WF{y). 
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Remark A. 0.2. Let WFfjii') denote the wave front set defined by L. Hormander [Hor, 
Definition 8.1.2] for F = M and by D. Heifetz [Hcf] for non- Archimedean fields F. Let us 
explain the relation between WFh{i^) and WF^u). First of all, WFh{i^) is a subset of 
T*U — {U X {0}) stable under multiplication by A G A, where A C F^ is some open sub- 
group (the definition of WFh from [Hcf] explicitly depends on a choice of A, Hormander 
always takes F = M>o), However it is not necessarily stable under multiplication by F^ . 
Second, 

(23) WF{iy) -{Ux {0}) = ■ WFniu). 

To prove (23) for F = M, one needs the following observation. In Definition A.0.1(2) we 
require not only the function J-'*{p ■ v) to rapidly decay at oo but also the same property 
for DJ-'*{p ■ u), where D is any differential operator with constant coefficients. However, 
it suffices to require the rapid decay of J-'*{p ■ v) (as in [Hor, Definition 8.1.2]): the rest 
follows from [Hor, Lemma 8.1.1] combined with the formula DJ^*{p ■ v) = J-'*{p ■ p ■ u), 
where p is the polynomial corresponding to D. 

The following lemma is trivial. 

Lemma A. 0.3. Proposition 2.3.5 (l)-(4) holds for the case when XcF" is an open set 
and i G C-'^(X, Dx). Namely: 

(1) PT*ix)iWF{i)) = WFiO n (X) = Supp(0. 

(2) IfWF{^) C X if and only if ^ is smooth. 

(3) LetU CX be an open set. Then WF{^\u) = WF{^) n T*{U). 

(4) Let C G C-°°{X, Dx) and /, /' C C°°(X). Then 

WF{f^ + f'C) C WFiO U WF{C)- 

Corollary A. 0.4. For any locally constant sheaf (or, in the Archimedean case, a vector 
bundle) E on X , we can define the wave front set of any element in C~°°(X, E) . Moreover, 
the last lemma (Lemma A. 0.3) will hold in this case, too. 

Proposition A. 0.5 (see [Hor, Theorem 8.2.4] and [Hcf, Theorem 2.8.]). Let U C 

and V C F^ be open subsets, and suppose that f : U V is an analytic submersion. 
Then for any ^ G g{V), we have WF{f*{C)) C f*{WF{i)). 

Corollary A. 0.6. Let V,U G F" be open subsets and f : V ^ U be an analytic isomor- 
phism. Then for any ^ G g{V), we have WF{f*{^)) = f*{WF{^)). 

Corollary A. 0.7. Let X be an analytic manifold, E be a locally constant sheaf (or, in 
the Archimedean case, a vector bundle) on X . We can define the wave front set of any 
element in S*{X,E) and Q{X,E). Moreover, Lemma A. 0.3 and Proposition A. 0.5 hold 
for this case. 

Proposition A. 0.8. Proposition 2.3.5 (5) holds. 

Namely, let G be an analytic group acting on an analytic manifold X and a locally 
constant sheaf (or, in the Archimedean case, a vector bundle) E over it. Suppose ^ G 
C~°°{X,E) is G -invariant. Then 

WF{0 C {{x,v) G T*X{F)\v{gx) = 0} 

where g is the Lie algebra of G. 
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Proof. In the non-Archimedean case, this is Theorem 4.1.5 of [Aiz]. In the Archimedean 
case, the same proof works. □ 

The following proposition is essentially proved in [Gab] for the Archimedean case. We 
include its proof here for completeness. 

Proposition A. 0.9. Let p : X ^ Y be an analytic map and E be a locally constant sheaf 
(or, in the Archimedean case, a vector bundle) overY. Let G C^°°{X,p'{E)) , where p' 
is the pullback twisted by relative densities (see §§§^.5'.^(11)^. Assume p\supp{^) is proper. 
Then 

WF(p,(0)Cp,(WF(0) 

For the proof we will need the following lemma: 

Lemma A. 0.10. Let V be an F-vector space, with dim^ < oo. Let ^ G C^°°{V, Dy) be 
a compactly supported distribution. Assume J-'{C,) vanishes asymptotically along v & V* . 
Then for any p G C^(y), the function J-'{p ■ ^) vanishes asymptotically along v. 

Proof. In the Archemedian case, this is Lemma 8.1.1 from [Hor]. In the non-Archemedian 
case, it is obvious. □ 

Proof of Proposition A. 0.9. 

Case 1. p is a submersion. 

Without loss of generality, we may assume that E = Dy, Y = F^ and X = Y xD, 
where D C is a standard open poly-disk, Supp(^) cYxD' where D' G D is 
a closed poly-disk and p is the projection. Let y gY. Let v G T*Y be such that 
for any x G -D, we have {{y,x), ((i(y,a;)(p))*(^^)) ^ WF(^). We have to show that 
is smooth at {x,v). 

By the definition of WF{C,), we can find for any x G -D a non- negative function 
fx G C^{X) such that fx{{y, x)) ^ and J^^fx'i) vanishing asymptotically in the 
direction of (0, v). So we can construct a non-negative function / G C^(X) such 
that / does not vanish on p~^{y) r\(Y x D') and J^{f ■ ^) vanishes asymptotically 
in the direction of (0, v). By Lemma A. 0.10, we may assume that / has the form 
f{y',x') = g{y') for some g G C^(Y). This implies that J^{g ■ vanishes 
asymptotically in the direction of v. 

Case 2. p is a closed embedding. 

Without loss of generality, we may assume E is trivial, X = andY = Xx D", 
where D C -F is a disk and p is the standard embedding. In this case the assertion 
is obvious. 

Case 3. The general case. 

It follows from the previous cases by decomposing p = pro^, where 7 : X — > X x F 
is the graph embedding and pr : X x Y ^ Y is the projection. 

□ 

A.l. Pullback of distributions. In order to discuss pullback of distributions under 
general maps, we need to define the topology on the space C^^{X, E) of generalized 
sections whose wave front set is included in F C T*{X). 



THE WAVE FRONT SET OF THE FOURIER TRANSFORM OF ALGEBRAIC MEASURES 35 

Definition A. 1.1. We will define the topology in terms of converging sequences rather than 
open sets, but one can easily modify this definition in order to get an actual definition of 
topology. Let us first define some auxiliary topologies on some related spaces. 

(1) In the Archimedean case, the space of Schwartz functions on a vector space V is 
equipped with a well known Frechet topology. In the non-Archimedean case, we 
say that a sequence of Schwartz functions converges if all its elements are in the 
same finite dimensional vector space and it converges there. 

(2) We say that a sequence of functions fi in the space C!^{V) of smooth functions on 
V which vanishes asymptotically along vo converges if there exists a p G C^{V) 
with p{vo) 7^ such that the sequence of functions 0j G C°°(y x F) defined by 
(j){v, A) := fi{Xv) ■ p{w) converges in the SiV). 

(3) We say that a sequence of distributions G C^'^iy^ D^) converges if it weakly 
converges and for any (x, w) ^ F, there exists a function p G C^iV) with p(x) ^ 
such that the sequence J-'(p ■ ^j) G C^iV*) converges. 

(4) This easily defines a topology on Cp°°(X, i?), for any analytic variety X and a 
locally constant sheaf (or in the Archimedean vector bundle) on X. 

Proposition A. 1.2 ([Hor, Theorem 8.2.4.] and [Hcf, Theorem 2.8.]). Let p : Y -> X be 

an analytic map of analytic manifolds, and let 

Np = {(x, v) G T*X\x = piy) and d*p{v) = for some y G Y}. 

Let E be a locally constant sheaf (or, in the Archimedean case, a vector bundle) on X. 
Let F C T*X be a conic closed subset such that T (1 Np G X . 

Then the map p* : C°°{X^E) C'^{Y,p*{E)) has a unique continuous extension to 
a map p* : C^^{X,E) C-^{Y,p*{E)). Moreover, for any ^ G C^^{X,E), we have: 
WF{p*{i))(Zp*{WF{0). 

Remark A. 1.3. Here is an explicit procedure to compute i^^Y assume that X 

is a vector space and E is trivial. Let /i G C^(X) and /2 G C^(X, Dx) such that 
/i(0) = 1 and J /2 = 1. Let A, G F be a sequence that converges to infinity. Let 
'■= PXiifi) ■ (Pa~i(/2) *0y where p\. is the homothety as defined in Notation 2.3.3. Note 

i 

that are smooth and compactly supported functions. Now, p*{^) is the weak limit of 

Now we can prove Proposition 2.3.13. First, let us recall its formulation. Let 

e G ^(X X Y) 

be a generalized function on a product of analytic manifolds. Assume that C, depends 
continuously on Y, so for each y ^ Y we have the generalized function C,\xx{y} from 
Definition 2.3.11. Assume also that WF{^) n CN^^^^y C X x F, so for each y e Y we 
have the puUback in the sense of Proposition A. 1.2, where jy : X x {y} --^ X x Y 
is the embedding. Proposition 2.3.13 says that in this situation 

To prove this equality, it suffices to compute jy{^) using Remark A. 1.3 and choosing 
/ij /2 € C^{X X Y) to be compatible with the product structure on X x F. 
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Appendix B. Symplectic geometry of the co-tangent bundle 

In this section we provide a proof of the facts from the symplectic geometry of the 
co-tangent bundle that we used in §§3.1 

B.l. Images of isotropic subsets. We will prove Lemma 3.1.5 using Remark 2.3.7. For 
this, we will need the following notion: 

Definition B.1.1. Let M, N be symplectic manifolds. A Lagrangian correspondence (or, 
respectively, isotropic correspondence) between them is a subvariety L G M x N which is 
Lagrangian (or, respectively, isotropic) with respect to the symplectic form um (— cjjv)- 

Lemma 3.1.5 follows now from the next one: 

Lemma B.l. 2. 

(1) Let (f) : Xi ^ X2 he a morphism of manifolds. Then the correspondence C 
T*(Ai) X T*{X2) described in Remark 2.3.7 is Lagrangian. 

(2) Let M, N he algehraic symplectic manifolds. Let L G M x N he an isotropic 
correspondence hetween them. Let I G M he an isotropic constructihle suhset. 
Then the constructihle suhset L{I) G N is also isotropic. 

Both statements are well known. For the second one, see, e.g., [CG, Prop. 2.7.51] or 
[G, Lemma 1]. To prove the first one, note that the symplectic form on T*(Aj) is the 
differential of the canonical 1-form rji on T*(Aj) and that the pullbacks of rji and 772 to 
A^ C T*{Xi) X T*{X2) are equal to each other. 

B.2. Equivalent definitions of isotropic subsets. Let us now prove Lemma 3.1.3. 
Clearly (4) ^ (3) ^ (2). By Proposition 3.1.2, (2) ^ (1). 

Now it is remains to show that (1) ^ (4). We have to show that any isotropic C G 
T*X is contained in a union as in (4). We will prove it by induction on dim(C) and 
dimPT*x(C), where Pt*(x) '■ T*{X) — > X is the projection. Let C be the set of smooth 
points in C. Note that dim(C — C") < dim(C) and by Proposition 3.1.2, C — C" is isotropic. 
Thus, by induction, we may assume that C — C satisfies (4). Therefore it is enough to 
prove that C satisfies (4). 

Consider the map q := Pt*x\c' as a niap from C to Pt*x{.C'). Let U G Pt*x{C') be the 
set of those smooth points of Pt*x{C') which are regular values of q, and let C" = q^^iU). 
Note that by the algebraic Sard lemma, dim(PT*x(C" - (^'0)= dim(PT-x(C") - f^) < 
d\m{PT*x{C')) = dim(Pr*x(C')) and by Proposition 3.1.2, C — C" is isotropic. Thus, by 
induction, we may assume that C — C" (and thus also C — C") satisfies (4). Therefore 
it is enough to prove that C" satisfies (4). We will prove that C" G CN^ . For this let 
X G U and let Y := q^^{x) G T*X. Fix any y G Y. We know that TyC" is isotropic, i.e. 
TyC" -L{TyC") . Thus we have TyY = kerdyq G (Imdyq)^ = CN{j^^. This implies that any 
connected component of y is a subset of a shift of CN^j^. Since Y is conical, this shows 
that Y G CN^^^. 

B.3. Co-normal bundle to a subbundle. Finally, let us prove Lemma 5.1.1. First 
recall its formulation: 
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Lemma B.3.1. Let V be a finite dimensional vector space over F and X be a manifold. 
Let E be a vector bundle over X which is a subbundle of the trivial vector bundle X xV . 
Then CN^^^' = CN^""^. 
Here 

Qp^xxv ^ rj.*^-^ X 1/) = T*{X) X 1/ X 1/*, 

CN^^^* C T*{X X V*) = T*{X) xV* xV, 

and the symplectic manifolds T*{X) x x V"* and T*{X) x V x V* are identified via the 
map 

V X V*^V* X V, {v, w) ^ {w, -v). 

Proof Set L := CN^""^- Without loss of generality we may assume that X is irreducible. 
Then so is L. Clearly L is a closed Lagrangian submanifold of T*(XxV^) = T*{X)xVxV* . 
It is easy to check that the image of L in X x equals E-^. So it remains to show that L 
is conic as a submanifold of T*{X xV*). In terms of the action of on T*(X) xVxV*, 
we have to show that L is stable with respect to the subgroup 

(24) {(A,A,1)|AgG,„}cG^. 

Since E G X xV is G^-stable the submanifold L is stable with respect to the subgroup 

{(1,A,A-1)|AgG„}cG^. 

Clearly L is conic as a submanifold of T*{X x V), which means that L is stable with 
respect to the subgroup 

{(A,1,A)|AgG„}cG^. 
But (A, A, 1) = (1, A, A~^) ■ (A, 1, A), so L is stable with respect to the subgroup (24). □ 

Remark B.3.2. Here is a sketch of a slightly different proof of Lemma B.3.1. The subbundle 
E defines a map 

f : X {the Grassmannian of all subspaces of V}. 

Its differential at x G X is a linear map T^X — )■ B.om{Ex,V/ E^) = B.om{Ex, (-E^)*); it 
defines a bilinear map B^: E^x E^ ^ T*X. One checks that CN^""^ has the following 
description in terms of B^. let (x,^) G T*X, v E V, w E V*, then 

(25) ix,^,v,w) G CiV|x^ ^t; G E^, w G E^, ^ = -B^{v,w). 
Lemma B.3.1 follows from this description. 

Remark B.3.3. Lemma B.3.1 is closely related to the following fact: if — > X is any vector 
bundle and — ?■ X is the dual bundle then there is a canonical symplectomorphism 
between the cotangent bundles of ^ and ^* (see [MX, Theorem 5.5] and also [Roy, Section 
3.4]). 
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